Let G be a graph with n vertices and m edges. The term energy of a graph G was introduced by I. Gutman in chemistry due to its relevance to the total π-electron 
Introduction
Let G be a simple undirected graph with n vertices and m edges. is called the distance spectral radius of the graph G. We also write its absolute eigenvalues in decreasing order as ρ 1 ≥ ρ 2 ≥ · · · ≥ ρ n . Given a graph G, the distance energy of G is defined by
For any vertex v i in the connected graph G, the eccentricity e(v i ) is the distance between v i and a vertex that is farthest from v i in G. The minimum eccentricity among the vertices of G is called the radius of graph G, and the maximum eccentricity among the vertices is called the diameter of the graph G, which are respectively denoted by rad(G) and diam(G).
The distance energy is analogous to the ordinary energy of a graph G, which is defined as E(G) = n i=1 |λ i |, where λ 1 ≥ λ 2 ≥ · · · ≥ λ n are ordinary eigenvalues of G obtained from its adjacency matrix. The studies on the graph energy can be seen in papers [5, 6] . For a detailed survey on applications to the graph energy, see [2] [3] [4] 7] . For the ordinary energy, the best known bounds are the Koolen and Moulton upper bound [9, 10] and the McClelland lower bound [12] .
For a connected graph G, the Koolen and Moulton upper bound [13] for the distance energy in terms of W , M, and n is
. In this paper, we show that the upper bound (1.1) can be modified to a better bound for all classes of graphs with n 2 ≥ 4m. Further results on upper bounds can also be seen in [11] . The McClelland bounds [13] for the distance energy of a graph, which is true for any connected graph G, is
The lower bound obtained in this paper is better than that of McClelland. For more studies on the distance energy, we refer to [1, 8, 14] . We use the following two lemmas, which follow from the properties of distance eigenvalues.
Lemma 1.1 Let G be a graph with n ≥ 3 vertices and m edges. Let μ
1 ≥ μ 2 ≥ · · · ≥ μ n be D-eigenvalues of G. Then n i=1 μ i = 0 and n i=1 μ 2 i = 2M. Lemma 1.2 If μ 1 (G) is the distance spectral radius of the graph G, then μ 1 (G) ≥ 2W n . Note that M = n i<j d 2 ij ≥ n i<j d ij = W and √ M = n i<j d 2 ij ≤ n i<j d ij = W .
The main results

Lemma 2.1 If μ n (G) is the smallest distance eigenvalue of the graph G and ρ n (G) is the smallest absolute distance eigenvalue, then
Proof For any nonzero vector X,
where J is the unit n × 1 matrix
Lemma 2.2 Let G be a graph with n ≥ 3 vertices and m edges. For the largest and smallest
distance eigenvalues μ 1 and μ n of G,
Using the Cauchy-Schwarz inequality for (μ 2 , μ 3 , . . . , μ n-1 ) and
However, (
Upper bound for the distance energy of a graph
Theorem 3.1 Let G be a graph with n ≥ 3 vertices and m edges. If n
The equality holds iff G is n 2
Proof Applying the Cauchy-Schwarz inequality for (|μ 2 |, |μ 3 |, . . . , |μ n-1 |) and (1, 1, . . . , 1)
Let |μ 1 | = x and |μ n | = y. We maximize the function f (x, y) = x + y + (n -2)(2M -x 2 -y 2 ). Differentiating f (x, y) with respect to x and y, we have
and f xy = -
For maxima or minima, f x = 0 and f y = 0, which implies x 2 (n -1) + y 2 = 2M and y 2 (n -1) + x 2 = 2M.
Solving these equations, we obtain that x = y = 2M n . At this point the values of f xx , f yy , f xy , and = f xx f yy -(f xy ) 2 are
Therefore f (x, y) attains its maximum value at x = y = 2M n , and this maximum value is
For the graph G n 2
Hence the equality holds. Now we show that the above bound is an improvement of the Koolen-Moulton bound. Take g(x, y) = x + y + (n -1)(2M -x 2 -y 2 ). Then, clearly, f (x, y) ≤ g(x, y) for all (x, y) in the given region of x and y.
, 0) and g(
Lower bounds for the distance energy of a graph Theorem 4.1 If G is a nonsingular graph, then E
Proof For the eigenvalues ρ 1 ≥ ρ 2 ≥ · · · ≥ ρ n of G (or its adjacency distance matrix A) it is well known that | det(A)| = ρ 1 ρ 2 . . . ρ n . Since G is nonsingular, we have | det(A)| = 0.
Applying the Cauchy-Schwarz inequality for n terms a i = √ ρ i and b i = 1 for all i = 1, 2, . . . , n, We have
However,
For the graph G n 2 K 2 with n = 2m, | det(A)| = 1. Hence the equality holds.
Theorem 4.2 Let G be a graph with n > 1 vertices and m edges, and let 2W ≥ n. Then
.
(4.1)
The equality holds if G is isomorphic to K n and n 2 K 2 with n = 2m.
Proof Using the Cauchy-Schwarz inequality for √ ρ 2 , √ ρ 3 , . . . , √ ρ n and (1, 1, . . . , 1)
n-1 , and therefore
For maxima or minima, f (x) = 0, which gives the value x = | det(A)| 
Therefore, the function is increasing in the interval | det A|
, and 
that is,
so that
Since the arithmetic mean is greater than or equal to the geometric mean, we get
